In quantum control, geometrical operations can provide an extra layer of robustness against control errors. However, a limitation of the conventional non-adiabatic holonomic quantum computation (NHQC) is that all of the operations are performed with exactly the same amount of time, even for a small-angle rotation. Furthermore, NHQC requires the driving part of the Hamiltonian to strictly cover a fixed pulse area, making it sensitive to control errors. Here we present an unconventional approach of NHQC, termed B-NHQC, for bypassing these limitations of the conventional NHQC. Specifically, with B-NHQC, almost all non-Abelian geometric gates can be time-optimized by following the brachistochrone curve, minimizing the impact from the environmental decoherence. In addition, the B-NHQC approach avoids the stringent pulse requirement imposed in the conventional NHQC, making it also robust against control errors. Additionally, we demonstrate that B-NHQC is compatible with composed pulses to further enhance the robustness against pulse errors. For benchmarking, we provide a thorough analysis on the performance of B-NHQC under experimental conditions; we found that the gate fidelity can be significantly improved from 98.4% to 99.84% compared with NHQC.
Introduction.-Realizing precise and noise-resistant quantum gates are of vital importance to massive quantum computation. Geometric phases depend only on the global properties of the evolution paths, and thus quantum gates based on which are immune to local errors during the evolution [1] [2] [3] . Therefore, geometric quantum computation [4] [5] [6] [7] [8] [9] , where quantum gates are induced by geometric phases of qubits' states, is a promising strategy for fault-tolerant quantum computation. More specifically, a geometric phase can either be a real number, i.e., Abelian, known as the "Berry phase" [10] , or a matrix, i.e., non-Abelian holonomy [11] , which is the key ingredient in constructing quantum operations for holonomic quantum computation.
For the implementation aspect, dynamical phases will also be induced in general, and thus how to remove or avoid them is an additional problem need to be considered. To this end, holonomic quantum computation based on adiabatic evolution, without the dynamical phase, has been proposed using two dark states in tripod systems [12, 13] . However, the adiabatic condition there implies lengthy gate time, thus the environment-induced decoherence will introduce severe gate infidelity. To overcome this problem, nonadiabatic holonomic quantum computation (NHQC) schemes have been proposed to remove the need of the adiabatic condition [17, 18] . Moreover, the NHQC can be extended to realize arbitrary singlequbit holonomic quantum gate in a single-loop/shot evolution [19] [20] [21] [22] [23] [24] and compatible with elementary optimal control techniques [25, 26] . Recently, elementary holonomic quantum gates have been experimentally demonstrated in different platforms, including superconducting circuits [27] [28] [29] [30] , nuclear magnetic resonance (NMR) [31] [32] [33] , and nitrogen-vacancy centers in diamond [34] [35] [36] [37] [38] [39] , etc. However, these NHQC implementations are sensitive to systematic errors due to the stringent requirements on the govern Hamiltonian [40] [41] [42] [43] [44] .
Here, we present an unconventional approach of NHQC, called B-NHQC, for breaking the two limitations of the conventional NHQC, which extends the unconventional Abelian geometric scheme [45, 46] tthe non-Abelian case. Comparing with previous implementations of conventional NHQC, our scheme is more robust against control induced imperfections, as we remove the fixed pulse area limitation. Moreover, we can combine our model with composite scheme to further enhance the robustness of B-NQHC. Furthermore, our scheme also incorporates with the time-optimal technology [47] [48] [49] [50] , by solving the quantum brachistochrone equation (QBE), to realize universal holonomic gates with minimum time, and thus minimizes the decoherence induced gate infidelity. Finally, we consider a three-level quantum system to explain the working mechanism of B-NHQC. Numerical simulations indicate that our B-NHQC and its' optimization can achieve a significant improvement over the NHQC gates [17, 18] using the experimental parameters.
General model.-We consider a general time-dependent Hamiltonian H(t). Assume {|ψ m (t) } is a complete set of basis, the vectors of which, at each moment of time t, follow the time-dependent Schrödinger equation (TDSE), i.e., i|ψ k (t) = H(t) |ψ k (t) , and thus the time evolution operator U (t, 0) = T e −i t 0 H(t )dt = m |ψ m (t) ψ m (0)|. Meanwhile, we can set a different set of time-dependent basis, {|φ k (t) }, which satisfies the boundary conditions at time t = 0 and t = τ , |φ k (τ ) = |φ k (0) = |ψ k (0) . By aid of |φ k (t) , we can always write, |ψ m (t) = m V mk (t) |φ k (t) . Substituting the solutions into TDSE and applying the boundary conditions, we obtain the following unitary transformation matrix at the final time t = τ as U (τ ) = ml Te i(A+K) ml |ψ m (0) ψ l (0)|, where T is time ordering operator, the dynamical and geometric parts are denoted by K ml ≡ − inition the unconventional geometric phase [45, 46] from the Abelian case to a non-Abelian holonomic case, where the generalized unconventional quantum holonomy satisfies
where η is a proportional constant and the matrix G depends only on the global geometric feature of the evolution path. Hence, we obtain our target unconventional holonomy in the {|ψ m } basis as
Inevitably, any implementation will suffer from decoherence, which reduces the target gate fidelity, and thus operations with minimum time becomes a preferable choice for realizing high-fidelity gates. To realize the fastest geometric gates, we extend the above framework to B-NHQC, by combining it with the time-optimal control technique [47] [48] [49] [50] , via solving the QBE
where F = ∂L c /∂H and L c = j µ j f j (H), with µ j being the Lagrange multiplier. Note that, choosing different parameters of the driven Hamiltonian H(t) makes the evolution of the system follow different paths, but leads to a same unconventional holonomic gate. The path with the minimal time can be obtained by solving the QBE together with TDSE. For a realistic physical systems, there always be a constraint that the energy bandwidth, described by
Application of B-NHQC.-We firstly illustrate the implementation of our idea in a three-level system, where the ground state |0 and |1 are chosen as logic states of the qubit, while the excited state |e as an auxiliary state, as shown in Fig. 1(a) . The transitions of |0 ↔ |e and |e ↔ |1 are driven resonantly by two microwave fields, with the amplitudes Ω 0e (t), Ω e1 (t) and the phases φ 0 and φ(t), respectively. Assuming = 1 hereafter, the Hamiltonian of the system is
where
, Ω(t) = Ω 2 0e (t) + Ω 2 1e (t) and tan(θ/2) = Ω 0e (t)/Ω 1e (t), and the mixing angle θ is set tot be time-independent for simplicity.
As a set of orthogonal solutions of TDSE {|ψ m (t) } can be parameterized with two angles χ(t), α(t), and a global phase
with |µ 0 = sin(θ/2)e iφ1 |0 + cos(θ/2)|1 . Taking H 1 (t) in Eq. (4) and |ψ m (t) into TDSE, we obtaiṅ
Therefore, the evolution operator is obtained as
To construct the geometric phase based holonomic gate, we choose a set of auxiliary states as |φ 1 (t) = e if sin χ 2 |ψ 0 (t) + cos χ 2 |ψ 1 (t) and |φ 2 (t) = |ψ 2 , satisfying the boundary conditions |φ 1 (0) = |φ 1 (τ ) = |µ . When the cyclic evolution condition ζ(τ ) = 2π is met with the path A→B→A shown in Fig. 1(b 
where the control parametersχ = 0 and α = φ are cho- [51] . Note that Eq. (7) is a holonomy associated with a closed smooth C in the base space of Grassmann manifold G (3, 2) , which is the set of twodimensional computational subspaces within the Hilbert space spanned by the state vectors {|0 , |1 , |e }.
In the logical qubit subspace {|0 , |1 }, U (τ ) leads to a unconventional holonomic single-qubit gate of
which describes a rotation around the n = (sin θ cos φ, sin θ sin φ, cos θ) axis by a γ angle, up to a global phase of γ/2. Since n and γ can be arbitrary, U (θ, φ 1 , γ) can construct arbitrary single-qubit gates, in a single loop evolution. Moreover, our gate scheme can reduce to the conventional NHQC scheme [17, 18] , simply by setting χ = π/2 and α = 0. Then, the evolution satisfies the parallel transport condition, i.e., γ d = 0, and the unconventional geometric phase γ = π becomes a pure geometric phase.
Recall that for realizing B-NHQC gates, we need to minimize the abvoe gate time by solving the QBE in Eq. to reduce the influence of the environmental induced decoherence effect. Here, we can simply set Ω(t) = Ω 0 to satisfy the constraint, i.e., f 0 (H 1 ) = T r H 1 2 − Ω 0 2 /2 = 0. Following the Ref. [49] [50] [51] , by solving the Eq. (3), one minimum-time solution to our purpose is φ (t) = α (t) = 2(γ − π)t/πτ , with the minimum evolution time being τ = 2 π 2 − (π − γ) 2 /Ω 0 , which decreases with the decrease of the geometric phase γ. Furthermore, we can enhance the robustness of B-NHQC against systematic control errors by combining it with the composite pulse strategy, which we call CB-NHQC, similar to the case of composite NHQC (C-NHQC) [33, 53] . To achieve this, the CB-NHQC is divided into two parts, i.e., (0, τ ) and (τ, 2τ ). During the first interval (0 ≤ t ≤ τ ), we set the phase φ (t) = 2(γ/2 − π)t/πτ corresponding to the evolution operator U 1 (θ, φ 1 , γ/2). For the second interval, φ (t) = π + 2(γ/2 − π)t/πτ with the evolution operator U 2 = −U 1 . As a result, the obtained CB-NHQC gate is
Here, we plot the evolution time τ , in unit of τ 0 = 2π/Ω 0 , of B-NHQC, CB-NHQC, NHQC and C-NHQC as a function of their corresponding geometric phases, as shown in Fig. 2(a) , which clearly shows that B-NHQC scheme generally has a shortest gate time comparing with other schemes. Moreover, as shown in Fig. 2(b) , B-NHQC and CB-NHQC schemes can greatly reduce the integrated excited-state populations P I e = τ 0 | ψ(t)|e | 2 dt compared with NHQC and C-NHQC corresponding to the initial state |µ , which are beneficial to reduce the excited-state decay.
The performance of our proposal in Eq. (8) can be evalu- ated by using the quantum master equation oḟ
where ρ 1 is the density matrix of the considered system, L(A) = 2Aρ 1 A † − A † Aρ 1 − ρ 1 A † A is the Lindbladian of the operator of A, S − = |0 e|+|1 e| and S z = |e e|−|1 1|− |0 0|, Γ − and Γ z are are the decay and dephasing rates of the transmon, respectively. In our simulation, we choose the parameters from the the current experiment [52] as Γ − = Γ z = Γ = Ω 0 /2000. We evaluate the T gate U T = U (0, 0, π/4) and the X 1/2 gate U X 1/2 = U (π/2, 0, π/2), using the gate fidelity defined by F T,X 1/2 = 1 2π 2π 0 ψ T,X 1/2 |ρ 1 |ψ T,X 1/2 dχ 1 for a general initial state of |ψ(0) = cos χ 1 |0 + sin χ 1 |1 with the target state being |ψ T,X 1/2 = U T,X 1/2 |ψ . As show in Figs. 2(c) and 2(d) , we plot gate fidelities as functions of the time τ for 1001 input states with χ 1 uniformly distributed over [0, 2π], and the obtained T gate and X 1/2 fidelities in B-NHQC are F X 1/2 = 99.81% and F T = 99.90%, and F X 1/2 = 99.82% and F T = 99.92% in CB-NHQC.
Robustness.
-We now proceed to show the robustness improvement of our scheme. Firstly, to investigate the robustness against pulse errors, we assume the amplitudes of driven pulse to vary in the range of and detuning errors. Thirdly, we also plot the T and X 1/2 gate fidelities as a function of decoherence rate Γ for above four schemes. As shown in Fig. 3 (e) and 3(f), our schemes of B-NHQC and CB-NHQC can greatly suppress the decoherence effect comparing with NHQC and C-NHQC. Physical realization on superconducting circuits.-B-NHQC can be applied to various physical platforms such as superconducting qubits and nitrogen-vacancy centers. Here, we illustrate the implementation of our idea on superconducting circuits, where each transmon serves as a qubit, as shown in Figs. 4(a) and 4(b). We consider the three lowest levels of a transmon qubit, where the ground state |g ≡ |0 and the second excited state |f ≡ |1 are chosen as our qubit logic states; while the first excited state |e as an auxiliary state, the third excited state |h ≡ |2 as a leakage state. The corresponding Hamiltonian, in the interaction picture, is approximately given by Eq. (4) [51] . Thus, we can realize B-NHQC single-qubit gate in a single-loop way with a superconducting transmon device.
In our simulation, we choose the simple pulse Ω(t) = Ω 0 sin 2 (πt/τ ) to suppress the cross coupling and leakage to higher excited energy levels due to the intrinsic weak anharmonicity κ of the transmon qubit. Using the parameters in current experiments [55, 56] , Ω 0 = 2π ×45 MHz, Γ = 2π ×4 kHz, and κ = −2π × 260 MHz, we found that the one-qubit T gate fidelity F o T can be significantly improved from 98.4% to 99.84% compared with NHQC under the same experimental conditions, as shown in Fig. 4(c) .
For the universal quantum computation purpose, nontrivial two-qubit gates can be implemented on two capacitively cou-pled transmons, denoting as Q 1 and Q 2 , as shown in Fig. 4(b) . The Hamiltonian can be written as H sys = 2 k=1 H q k + H qc where H q k is the single-qubit Hamiltonian and H qc is the coupling term. With the lowest four levels of a transmon being considered, the free single-qubit Hamiltonian is H q k = ω q k |e e |+ (2ω q k + α k )| 1 1|+(3ω q k + 2α k ) |2 2|, where ω q k is the resonant frequency of a transmon, α k is the corresponding anharmonicity. Meanwhile, the two-qubit coupling Hamiltonian is H qc = g 12 σ † 1 ⊗ σ 2 + H.c. , where g 12 is the static capacitive coupling strength, and σ i = (|0 e| + √ 2|e 1| + √ 3|1 2|) is the lower operator for the transmon. To obtain tunable coupling between the two qubits, we add an ac magnetic flux on transmon Q 2 to periodically modulate its eigen-frequency as ω q2 (t) = ω q2 + ε sin (νt), where ε, ν and ϕ are the modulation amplitude, frequency, and phase, respectively. Moving into the interaction picture, the interaction Hamiltonian reads [57] [58] [59] [60] 
where ∆ 1 = ω 1 − ω 2 , β = /ν, and |mn ≡ |m 1 ⊗ |n 2 . From the above Hamiltonian, resonant interaction can be induced in both the two or four excitation subspaces, by different choice of the driving frequency ν. Ignoring the higherorder oscillating terms, when ∆ 1 − κ 2 − µ = ν with a small detuning µ, we can get the effective Hamiltonian in the subspace {|01 , |11 , |e2 , |ee } as,
where g 12 = 2 √ 2g 12 J 1 (β) with J m (β) being the Bessel function of the first kind.
In the same way as the single-qubit phase gate case, we can realize two-qubit unconventional holonomic entangled gate with minimum time by solving the QBE, and we obtain that µ = 2(ξ − π)/π with a minimum gate time τ 2 = 2 π 2 − (π − ξ) 2 /g 12 , where ξ 1 and ξ 2 corresponds to the obtained unconventional geometric phase in the subspaces {|01 , |ee } and {|11 , |e2 }. And the obtained evolution operator U E (τ 2 ), i.e., the holonomic entangling gate (ξ 1 = ξ 2 ), in the two-qubit basis {|00 , |01 , |10 , |11 } as
To evaluate the gate performance, we take the control T gate U E (π/4, −π/4) as a typical example. Here, we set the parameters [57, 58] of the transmons as κ 1 = −2π × 220 MHz, κ 2 = κ, ∆ 1 = 2π × 146 MHz and g 12 = 2π × 10 MHz. For a general initial state |ψ(0) = (cos χ 1 |0 1 + sin χ 1 |1 1 ) ⊗ (cos χ 2 |0 2 + sin χ 2 |1 2 ), the two-qbuit gate fidelit defined by [60] F t E = 1/4π 2 2π 0 2π 0 ψ f s |ρ 2 | ψ f s dχ 1 dχ 2 with the target state |ψ E = U E |ψ(0) , the gate fidelity of U E can be as high as 99.50%, as shown in Fig. 4(c) .
Conclusion.-We have proposed an unconventional approach of NHQC scheme with non-Abelian geometric phase, which can be compatible with time-optimal control technology to realize the fastest holonomic gate. Comparing with conventional NHQC, our proposal is more robust against the experimental control errors and decoherence. We also presented an explicit way to implement our scheme using a threelevel system, and numerically simulated the performance of pulse optimization for superconducting circuits, where the gate fidelity can be significantly improved. Moreover, we discuss how the B-NHQC gate presented here can be applied to two-qubit gates in detail.
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